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G E N E R A L I Z A T I O N  O F  T H E  C L A S S I C A L  R A Y L E I G H  

E Q U A T I O N  T O  S E V E R A L  N O N - N E W T O N I A N  L I Q U I D S  

V.  S. N o v i k o v  UDC 532.528:532.529.6 

Equations a re  der ived that descr ibe  the change in the radius of a spher ica l  gas inclusion in the 
Bingham, El l is ,  R e i n e r - R i v l i n ,  Shul 'man, K a p u r -  Gupta, and Oswald de Vielle non-N ewtonian 
l iquids,  as well as in a power- law liquid. 

The Rayleigh equation for  highly viscous  liquids with a finite re laxat ion t ime of e las t ic  s t ra ins  was ob- 
tained in [1]. In the p re sen t  paper  this equation is extended to non-Newtonian l iquids,  for  which the rheologi-  
cal equations of state known to the p resen t  author a re  being extended. 

In a spher ica l  coordinate sys tem the equation of motion,  including s t ra in  and the continuity equation, a re  

[ Ov~ Ov~ ~ =  OP O'rrr 2 
P ~--g[-- +~'~ ---o7-/ - - o 7 - + - - 0 7  + --~ ~ '  O) 

1 d ~ (r~Vr) = O, (2) 
r 2 dr 

if the bubble center  is cons idered  to be test ing in the liquid. Integrat ing (2) with r e spec t  to r f rom the bubble 
radius R to infinity,  we obtain the radial  veloci ty  of motion of the liquid v r = t{ (R/r) 2, expres sed  in t e rms  of 
the dr i f t  veloci ty  of the surface  i~. Here  and e l sewhere ,  the dot over  R denotes different iat ion with r e spec t  
to t ime. Substituting Vr into Eq. (1) and integrat ing At with r e spec t  to r in the l imits  R - ~o, we obtain 

3 
p(RR +_~_ [~2) = pR __ p| + ,rrr[~= __,%~[,=R_}_ 2 ~ ~rL dr, j r (3) 

R 

where  PR and P0o are  the p r e s s u r e s  in the liquid an the bubble surface  and at infinity, and p is the liquid den-  
sity. As P~ one can take the externa l  s ta t ic  p r e s s u r e  in the liquid. The re la t ion between PR and the stat ic 
p r e s s u r e  in the bubble P0 is es tabl ished by the Thomson re la t ion 

p R = p  ~ 2~s 4 ( av r v r )  [ 
R 3 ~t~ Or r Ir=R' (4) 

where  a is the surface  tension of the l i qu id .  As ~0 for  non-Newtonian l iquids,  one can take the slope of the 
s t r eam curve for  smal l  shear  s t r e s s e s  (see [2]). The re la t ion between the components of the s t ra in  tensor  
Tij and the components of the veloci ty  deformat ion tensor  ~ij; i .e . ,  the rheological  equation of s ta te ,  depends 
on the type of specif ic  non-Newtonian liquid. 
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A Viscoplas t ic  Bingham Liquid. For  this liquid 

_- - -  [ ~ t - -  % \ ~ l  �9 
"~ elmeml 

e~ for -~- ~ (5) 

�9 1 { _Or, Ov~ ) I 
e~j~--~-\ Ox~ +--~-xi =0 for 2 ('c~ia:~)<'~, (6) 

where  ~'0 is the yield of the liquid. F r o m  he re  on summation is pe r fo rmed  on repeated  indices. Substituting 
(5) into (3), we obtain af ter  some calculations the equation 

p/ R ~ _ b 3  R2"~ = ._~__ ) 2a 2 R 4 H 
R 3 [a~ R V-3- %ln R " (7) 

To remove the divergence of the in tegral  in (3), the upper l imit  of integrat ion was replaced by the finite value 
H >>R. As H, one can choose the width of the liquid layer .  

A Power -Law Liquid. 
n-- I  

k 1 �9 �9 ]--Y-- "~o= -~- e..~ e,,. e,,, (8) 

where k and n a re  constants for  a definite veloci ty  in terval ,  and 

(.. (9) 

An Ellis Liquid. 

oz--I 

( I �9 (1o) 

where ~t and ~2 are  the ord inary  v iscos i ty  coefficients of shear  flow and of t r an sv e r se  v iscos i ty ,  and are  con-  
stant  for  a cer ta in  veloci ty interval  

9(R~_}__~_RZ ) -_ p o _ p  | 2,~R 103 ~h-~RR --2"3 ~21( 2 - -~-  1') ~tz ( ~ )  ". (11) 

The equality ~0 = Pt was used in deriving (11). 

A R e i n e r - R i v l i n  Liquid. 

(12) 

* = ~(I2,  I3), where  12 = ~ ~ (~ij) 2 is a quadrat ic  invariant  t ensor  of veloci ty de fo rma-  In the general  case ~i 
i i 

= * = const ,  then t ions,  a n d I  3 det6.  Iflz i 

p ~ R + - ~ - R  = P 0 - -  P ~  R - R  + 3 -  ~? -R - -  ~ (13) 

The Rayleigh equation for  this liquid is eas i ly  obtained also in the more  general  case ~.~ = t~ i (I 2, I3} if the ex -  
plici t  dependence of the functional dependence of ~ on 12 and I s is known. 

A Genera l ized  Viseoplas t ie  Shul 'man Liquid [3]. 

1 

~j = 2 + Ix -~- A '~ e~, A -= (2 e~j e~) -2- , (14) 

A m 
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where  A is the intensity of veloci ty  deformat ion 

( + )  ) 2a 8 m 

n-- I  

•  ~ To ~ 8 m (2V3-)  ,n ~t.~ - ~ - { - 4 - -  3 ~- 

(15) 

A Nonl inear-Viscous  Liquid [4]. 

(16) 

The Rayleigh equation is eas i ly  obtained by express ion  (3), having assigned an explici t  fo rm of the functional 
dependence $(I1). 

A K a p u r - G u p t a  Liquid. 

T~j ---- Fieij + ~2 (eij) ~ + ~t3 (e~i) s + . . . .  (17) 

where  ~i = const.  Confining ourse lves  to the third t e r m  in (17), we obtain the equation 

plRi~++[~2 )= Po--P| 
Here  one can put ~0 -- ~t. 

An Oswald de Vielle Liquid. 

2k.ln_t 

R 
R --4~t~ + - ~ - ~ t i  R 3 ~2 +-~- t ta  �9 (18) 

! 

Ovr I2 ; (2eifJt) -~-, (19) 
Or ' 

2~ . R n-, K (2 o) 

The equations obtained can be used to de te rmine  the rheological  constants in the non-Newtonian liquids 
considered ,  as well  as in studying boiling p r o c e s s e s  on the basis of the mathemat ica l  model of growth of a 
gas bubble, suggested in [5]. 

l o  

2. 

3. 

4. 
5. 

L I T E R A T U R E  C I T E D  

V. S. Novikov, in: Thermal  Phys ics  and Technology [in Russian] ,  No. 31, Naukova Dumka, Kiev (1976). 
O. M. Yakhno and V. F. Dubovitskii,  Basic  Rheology of Po lymers  [in Russian] ,  Visha Shkola, Kiev 
(1976). 
Z. P. Shul 'man, Convective Heat  and Mass T r a n s f e r  of Rheological ly Complex Liquids [in Russian] ,  
Energ iya ,  Moscow (1975). i 
V. G. Litvinov,  in: The P rob lem of Heat  and Mass T r a n s f e r  [in Russian] ,  Energiya ,  Moscow (1970). 
V. S. Novikov, I n z h . - F i z .  Zh.,  30, No. 3 (1976). 

1212 


